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Abstract: We considerably improve Ono’s and Ahlgren-Ono’s work on the frequent occur-
rence of Ramanujan-type congruences for the partition function, and demonstrate that Ra-
manujan-type congruences occur in families that are governed by square-classes. We thus
elucidate for the first time an exemplary family of congruences found by Atkin-O’Brien. Our
results are based on a novel framework that leverages available results on integral models of
modular curves via representations of finite quotients of SL2(Z) or Mp1(Z). This framework
applies to congruences of all weakly holomorphic modular forms.
partition function  Ramanujan-type congruences  Atkin-O’Brien-type congruences
MSC Primary: 11P83 MSC Secondary: 05A17,11F30
THE partition function records the number of ways p(n) to write a positive inte-ger n as the sum of any nonincreasing sequence of positive integers. Ramanujan
established the congruences
p(5n+4) ≡ 0 (mod5)
p(7n+5) ≡ 0 (mod7)
p(11n+6) ≡ 0 (mod11)
and suggested further such congruences modulo powers of 5, 7, and 11, which Atkin,
Lehner, and Watson proved between the 30ies and 60ies. Ramanujan’s results ignited
interest in both justifications of combinatorial or physical nature and the existence
of congruences beyond the then available conjectures. They brought to light a new,
flourishing research area. Milestones in the field were subsequently reached by, for
*The author was partially supported by Vetenskapsrådet Grant 2015-04139 and 2019-03551.
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instance, Ahlgren, Andrews, Boylan, Dyson, Garvan, Ono, and Swinnerton-Dyer [1,
3, 4, 6, 8].
In the late 90ies and early 2000s, Ono and Ahlgren-Ono set the gold standard in
the existence of congruences [2, 11]: Given a prime ` ≥ 5, a positive integer m, and
an integer β subjection to a restriction on the square class of 24β− 1 (mod`), they
showed that a positive proportion of primes Q ≡−1 (mod24`) have the property that
p
(Q3n+1
24
)
≡ 0 (mod`m)
for all integers n ≡ 1−24β (mod24`) and co-prime to Q. Here and throughout, we
adopt the convention that p(n)= 0 if n is not a nonnegative integer, which allows us
to relax the condition on n to n ≡ 1−24β (mod`). This most crucially encodes the
square-class of Q3n/24 (mod`).
It was remarked in a review of Ahlgren-Ono’s work that their result accommodates
the shape of any known partition congruence. Previous work had been restricted
to congruences ∀n ∈ Z : p(An +B) ≡ 0 (mod`m) with 24B ≡ 1 (mod`), while now
the square-class condition expressed by the inequality
(24B−1
`
) 6= (−1` ) of Legendre
symbols was the only remaining constraint. Radu [12] confirmed a conjecture by
Ahlgren-Ono that a congruence modulo ` of the partition function on the arithmetic
progression AZ+B implies both ` |A and (24B−1
`
) 6= (−1
`
)
. In this sense, Ahlgren-Ono’s
accomplishment indeed exhausts all expected congruences of the partition function.
It has not been qualitatively improved since its publication in 2001. We present an
innovation in this paper that allows us to move forward.
There are, indeed, two twists to the story, which we elucidate in the present work.
Firstly, the third power of Q in Ahlgren-Ono’s result does not subsume the following
example, which they happen to highlight in their paper as a motivation:
p(17303n+237) = p(113 ·13n−4 ·112+721) ≡ 0 (mod13)
for all integers n, or equivalently,
p
(112(11 ·13n−96)+1
24
)
≡ 0 (mod13)
for all integers n. While the square-class condition analogous to the one of Ahlgren-
Ono holds for−112 ·96/24 (mod13), the decisive point is that the second formulation
features a leading factor 112 as opposed to 113. It is therefore not covered by Ahlgren-
Ono’s result, where the leading factor is Q3. Until now, it was conceivable that con-
gruences as the one in [2] with leading factor Q2 might not occur in equal abundance
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as those featuring the third power of Q. Our Theorem B settles this point and shows
that they do occur as frequently.
Secondly, the above and all other congruences observed appear in families across
square-classes. We have the much stronger result that p(112n+721)≡ 0 (mod13) for
all n ∈Z with ( n11)= (−111 ) and ( n13)= (−113 ). We would like to refer to such congruences
as of Atkin-O’Brien type, since to the best of our knowledge they were recorded for
the first time in Theorem 10 of their joint work [5]. In the case at hand, they entail
Ramanujan-type congruences p(17303n+B)≡ 0 (mod13) for thirty B distinct mod-
ulo 17303:
B ∈ {237,358,600,1931,2778,4230,4351,4956,5561,5924,6892,8102,8223,8949,
9675,10280,11248,11611,12095,12216,12942,13426,13668,14757,14999,
15241,16088,16330,16572,16935
}
.
Notably also Ramanujan’s original congruences p(`n−δ`) ≡ 0 (mod`) for all n ∈ Z,
where δ` ∈ Z is an inverse of −24 modulo `, fit the pattern of Atkin-O’Brien-type
congruences, since we have p(n) ≡ 0 (mod`) for all n ∈ Z with (n+δ`` ) = 0 for ` ∈
{5,7,11}.
In Theorem A of this paper we offer a fundamentally different perspective on con-
gruences of the partition function, showing that Ramanujan-type congruences of the
form p(An +B) ≡ 0 (mod`m) for all n ∈ Z imply Atkin-O’Brien-type congruences.
In conjunction with the results of Ahlgren-Ono, this shows abundance of congru-
ences p(Q3n−δ`Q3 )≡ 0 (mod`m), where n ∈Z is merely required to satisfy a square-
class condition modulo ` and be coprime to Q, and δ`Q3 ∈ Z is an inverse of −24
modulo `Q3. We manage to further strengthen this significantly in Theorem B, where
we reduce the exponent of Q from three to two while excluding for n only one of the
three square-classes modulo Q.
Theorem A. Let ` ≥ 5 be a prime and m a positive integer. Given a positive integer A
co-prime to 6` and an integer B, assume that p(An+B) ≡ 0 (mod`m) for all n ∈ Z.
Let Asf be the largest square-free divisor of A, A
′ := gcd(A, Asf(24B − 1)), and δA′ an
inverse of −24 modulo A′. Then we have
p
(A′n+1
24
)
≡ 0 (mod`m)
for n ∈Z subject to the condition that for all primes p |A′ we have (np )= (24B−1p ).
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TheoremB. If `≥ 5 is a prime, m is a positive integer, and ²` is either 0 or−
(−6
`
)
, then
for at least one ²Q = ±1 a positive proportion of primes Q ≡ −1 (mod24`) have the
property that
p
(Q2n+1
24
)
≡ 0 (mod`m)
for all n ∈Zwith (n` )= ²` and ( nQ ) ∈ {0,²Q }.
Treneer succeeded in extending results of [2, 11] to weakly holomorphic modular
forms in general [13, 14]. Her work suggests that also our Theorems A and B should be
instances of a framework that applies to all weakly holomorphic modular forms. This
is indeed the case. Analogous statements for all weakly holomorphic modular forms
are available in Corollaries 2.2, 2.4, and 2.5. Our strategy to prove them is to lever-
age results of Deligne-Rapoport [7] on compactifications of modular curves over Z
in Theorem 1.1. The key observation, stated in Corollary 1.4, is that congruences of
Fourier coefficients of weakly holomorphic modular forms correspond to vectors in
specific induced representations of SL2(Z) or Mp1(Z), and that by Theorem 1.1 the
submodule associated with congruences modulo ` is a subrepresentation. The ac-
tion of the Cartan subgroups of SL2 and Mp1 on these subrepresentations gives rise
to Theorem A and Corollary 2.2. Theorem B and Corollaries 2.4 and 2.5 follow from
a more fine-grained analysis of those representations. The explicit description of the
extension Mp1(Z) of SL2(Z) by {±1} due to Kubota [10, 15] plays an important role in
our proof.
Acknowledgment We are grateful to Olivia Beckwith and Olav Richter for stimulat-
ing conversations, and to Claudia Alfes-Neumann, Caihua Luo, Sven Raum, and Olav
Richter for helpful remarks on an earlier version of the manuscript.
1 Abstract spaces of modular forms
The upper half plane The Poincaré upper half plane is defined as
H := {τ ∈C : Im(τ)> 0}.
It carries an action of GL+2 (R) := {γ ∈GL2(R) : det(γ)> 0} by Möbius transformations(
a b
c d
)
τ := aτ+b
cτ+d .
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The metaplectic group The general metaplectic group GMp1(R) is a nontrivial cen-
tral extension
1−→µ2 −→GMp1(R)−→GL2(R)−→ 1, µ2 := {±1}.
A common realization of GMp1(R) is given by
GMp1(R) :=
{
(γ,ω) : γ= (a bc d ) ∈GL2(R),ω : H→C,ω(τ)2 = cτ+d},
in which case multiplication in GMp1(R) is given by
(γ,ω) · (γ′,ω′) := (γγ′,ω◦γ′ ·ω′).
Throughout, the letter γ may denote elements of both GL2(R) and GMp1(R). We
let GMp1(Q) and Mp1(Z) be the preimages of GL2(Q) and SL2(Z) under the projec-
tion GMp1(R)→GL2(R).
Congruence subgroups A subgroup Γ ⊆ Mp1(Z) is called a congruence subgroup if
its projection to SL2(Z) is a congruence subgroup. We fix notation for the special
cases
Γ0(N ) :=
{(
a b
c d
) ∈ SL2(Z) : c ≡ 0 (mod N )},
Γ(N ) := {(a bc d ) ∈ SL2(Z) : b,c ≡ 0 (mod N ), a,d ≡ 1 (mod N )},
and write Γ˜0(N ) and Γ˜(N ) for their preimages under the projection from Mp1(Z)
to SL2(Z).
We record for later use that the integral metaplectic group Mp1(Z) is generated by
the elements
S := ((0 −11 0 ) ,τ 7→pτ), T := ((1 10 1) ,τ 7→ 1),
where
p
τ is the principal branch of the holomorphic square root onH.
Slash actions The action GL+2 (R)  H in conjunction with the cocycle (γ,ω) 7→ ω
yields the slash actions of weight k ∈ 12Z on functions f : H→C:
f
∣∣
k (γ,ω) := det(γ)
k
2ω−2k · f ◦γ, (γ,ω) ∈GMp+1 (R). (1.1)
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Modular forms Fix k ∈ 12Z, a finite index subgroup Γ ⊆Mp1(Z), and a character χ :
Γ→C× of finite order. A weakly holomorphic modular form of weight k for the char-
acter χ on Γ is a holomorphic function f : H→ C satisfying the following two condi-
tions:
(i) For all γ ∈ Γ, we have f ∣∣k γ=χ(γ) f .
(ii) There exists a ∈R such that for all γ ∈Mp1(Z) there is b ∈Rwith∣∣( f ∣∣k γ)(τ)∣∣< b exp(−aIm(τ)) as τ→ i∞.
We write M!k (Γ,χ) for the space of weakly holomorphic modular forms of weight k for
the character χ on Γ. If χ is trivial, we suppress it from our notation.
Group algebras Write C[Γ] for the group algebra of a group Γ, and let uγ ∈ C[Γ] for
γ ∈ Γ denote its canonical units. Right-modules of C[Γ] are in canonical correspon-
dence to complex right-representations ofΓ. Given a right module V ofC[Γ], we write
kerΓ(V ) for the subgroup of Γ that acts trivially on V .
Let Γ ⊆ Mp1(Z) be a finite index, normal subgroup. The spaces of weakly holo-
morphic modular forms for Γ naturally carry the structure of a right-representation
for Mp1(Z) via the weight-k slash action.
1.1 Abstract spaces of weakly holomorphic modular forms Let V be a finite di-
mensional right-module for C[Mp1(Z)] such that kerMp1(Z)(V ) ⊆ Mp1(Z) has finite
index. An abstract space of weakly holomorphic modular forms is a pair of such a
module V and a homomorphism of C[Mp1(Z)]-modules φ : V → M!k (kerMp1(Z)(V ))
for some k ∈ 12Z. We say that the abstract space of weakly holomorphic modular
forms (V ,φ) is realized in weight k.
Induction of modular forms Given a modular form f ∈M!k (Mp1(Z),χ) for a charac-
ter χ, the identity map
C f −→M!k (ker(χ)), f 7−→ f
yields an abstract space of modular forms. More generally, given f ∈ M!k (Γ,χ) for a
finite index subgroup Γ⊆Mp1(Z) and a character χ of Γ, we obtain an abstract space
of weakly holomorphic modular forms
IndΓ f :=
(
C f ⊗C[Γ]C
[
Mp1(Z)
]
, f ⊗uγ 7→ f
∣∣
k γ
)
, (1.2)
where the action of C[Γ] on C f is given by the weight k slash action.
– 6 –
Congruences on square-classes for the partition function M. Raum
Fourier expansions Throughout this paper, we write e(z) for exp(2pii z), z ∈C. Given
a finite index subgroupΓ⊆Mp1(Z) and a characterχ ofΓ, there is a positive integer N
such that T N ∈ ker(χ). In particular, a weakly holomorphic modular form f for the
character χ has a Fourier series expansion of the form
f (τ) = ∑
n∈ 1N Z
c( f ; n)e(nτ). (1.3)
For convenience, we set c( f ; n)= 0 if n ∈Q\ 1NZ.
Given any ring R, we write
FE(R) := RJq 1∞ K[q−1] (1.4)
for the ring of Puiseux series with coefficients in R. The Fourier expansion of weakly
holomorphic modular forms yields a map
fe : M!k (Γ,χ)−→ FE(C), f 7−→ fe( f ) :=
∑
n∈Q
c( f ; n)qn .
1.2 `-kernels We obtain a Fourier expansion map
fe◦φ : V −→ FE(C)
for any abstract space (V ,φ) of weakly holomorphic modular forms. Given any num-
ber field K with maximal order OK , write OK ,` ⊆ K for the localization of OK at an
ideal ` ⊆ OK . Fixing an embedding K ,→ C, we obtain an embedding OK ,` ,→ C. The
`-kernel of (V ,φ) is defined as the preimage
ker`
(
(V ,φ)
)
:= (fe◦φ)−1(`FE(OK ,`)). (1.5)
Observe that we suppress K from our notation, but it is implicitly given by `. We
allow ourselves to identify a rational integer ` with the ideal in Z that it generates.
A priori, the `-kernel of an abstract space of modular forms is merely an OK ,`-
module. The key theorem of this paper is the next one, which guarantees that it is
a module for a specific group algebra.
Theorem 1.1. Let K ⊆ C be a number field with fixed complex embedding, and let `
be an ideal in OK . Let (V ,φ) be an abstract space of weakly holomorphic modular
forms realized in weight k ∈ 12Z. Assume that kerMp1(Z)(V ) is a congruence subgroup
of level N . Let N` be the smallest positive integer such that gcd(`, N /N`) = 1 if k ∈ Z
and gcd(`, lcm(4, N )/N`)= 1 if k ∈ 12 +Z. Then the `-kernel of (V ,φ) is a right-module
for OK ,`[Γ˜0(N`)].
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Remark 1.2. Congruences of half-integral weight modular forms were also investi-
gated by Jochnowitz in unpublished work [9]. The special case that N and ` are co-
prime can also be inferred from her results.
Proof. Fix an element v ∈ ker`((V ,φ)) and write f = φ(v). We have to show that
φ(vγ) = f |k γ has Fourier coefficients in `OK ,` for every γ ∈ Γ˜0(N`). We let ∆ be the
Ramanujan ∆-function in M12(Mp1(Z)), and observe that f ∆|k γ has Fourier coef-
ficients in `OK ,` if and only if f |k γ does. In particular, we can assume that f is a
modular form after replacing φ with v 7→∆hφ(v) for sufficiently large h ∈Z.
Consider the case k ∈ 12+Z. LetΘ be theC-vector space spanned by the theta series
θ0(τ) :=
∑
n∈Z
e(n2τ), θ1(τ) :=
∑
n∈ 12+Z
e(n2τ).
Observe that Θ is a representation for Mp1(Z) under the slash action of weight
1
2 ,
which is isomorphic to the dual of the Weil representation associated with the qua-
dratic form n 7→ n2. In particular, we can and will view Θ as an abstract space of
modular forms. Then kerMp1(Z)(Θ) has level 4. We reduce ourselves to the case of
integral weight k at the expense of replacing N by lcm(4, N ) when replacing (V ,φ)
with the tensor product (V ,φ)⊗Θ. Indeed, f |k γ has Fourier coefficients in `OK ,` if
and only if both f θ0|k+ 12 γ and f θ1|k+ 12 γ do.
In the remainder of the proof, we can and will assume that k ∈ Z. Since by our
assumptions kerMp1(Z)((V ,φ)) has level N , f is a modular form for Γ(N ) ⊆ SL2(Z).
It therefore falls under Definition VII.3.6 of modular forms in [7] if we suitably en-
large K by N -th roots of unity. The transition between the two notions is outlined in
Construction VII.4.6 and VII.4.7 of [7]. In particular, we can apply Corollaire VII.3.12
to comparepi-adic valuations of the Fourier expansion of f and f |k γ for every placepi
of K lying above `. Using the notation by Deligne-Rapoport [7], the condition on the
image of their g ∈ SL(2,Z/n) in the group SL(2,Z/pm) translates into our condition
that gcd(`, N /N`)= 1.
1.3 Hecke operators Given a positive integer M , we let
GL(M)2 (Z) :=
{
γ= (a bc d ) ∈Mat2(Z) : det(γ)=M},
and correspondingly write GMp(M)1 (Z) for its preimage in GMp1(R) under the pro-
jection to GL2(R). Let C[GMp
(M)
1 (Z)] be the C[Mp1(Z)]-bi-module with C-basis uγ,
– 8 –
Congruences on square-classes for the partition function M. Raum
γ ∈GMp(M)1 (Z). Given an abstract space of weakly holomorphic modular forms (V ,φ),
we define the application of the M-th Hecke operator by
TM (V ,φ) :=
(
V ⊗C[Mp1(Z)]C
[
GMp(M)1 (Z)
]
, v ⊗uγ 7→φ(v)
∣∣
k γ
)
. (1.6)
It is straightforward to verify that TM (V ,φ) is an abstract space of weakly holomor-
phic modular forms. By slight abuse of notation, we write TM (V ,φ)= (TM V ,TM φ).
1.4 Congruences of modular forms on arithmetic progressions Throughout, we
will identify upper triangular matrices γ ∈ GL+2 (R) with (γ,τ 7→
√
det(γ)). Fix an ab-
stract space of weakly holomorphic modular forms (V ,φ) and an eigenvector v ∈ V
for T ∈Mp1(Z). Choose α ∈Q such that vT = e(α)v . Given a positive integer M and
an integer b, we let
vT (M ,b;α) := v ⊗
∑
h (mod M)
e
(− (b+α)hM )u(1 h
0 M
) ∈ TM V . (1.7)
A brief verification shows that the sum over h (mod M) is well-defined and that we
have
vT (M ,b;α)T = e
(b+α
M
)
vT (M ,b;α). (1.8)
The image of vT (M ,b;α) under TM φ captures the Fourier coefficients of φ(v) on
the arithmetic progression MZ+b+α. Specifically, we have the next proposition:
Proposition 1.3. Given a positive integer M, an integer b, an abstract space of weakly
holomorphic modular forms (V ,φ), and a T -eigenvector v ∈ V with eigenvalue e(α),
α ∈Q, we have
(TMφ)
(
vT (M ,b;α)
) = M 1− k2 ∑
n∈α+Z
n−α≡b (mod M)
c( f ; n)e
( n
M τ
)
. (1.9)
Proof. The definition of the slash action in (1.1) yields
e(nτ)
∣∣
k
(
1 h
0 M
) = M− k2 e( hM n)e( nM τ).
Let f = φ(v), and observe that vT = e(α)v implies that c( f ; n) is supported on n ∈
α+Z. When inserting the definition of vT (M ,b;α) and the Fourier expansion of f ,
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we find that
(TMφ)
(
vT (M ,b;α)
) = ∑
h (mod M)
e
(− (b+α)hM ) f ∣∣k ((1 h0 M ) , τ 7→pM)
= M− k2 ∑
n∈α+Z
c( f ; n)e
( n
M τ
) ∑
h (mod M)
e
(h(n−α−b)
M
)
= M 1− k2 ∑
n∈α+Z
n−α≡b (mod M)
c( f ; n)e
( n
M τ
)
.
Corollary 1.4. Let (V ,φ) be an abstract space of weakly holomorphic modular forms,
K ⊆ C a number field and ` an ideal in OK . Fix a T -eigenvector v ∈ V with eigen-
value e(α), α ∈Q, and write f =φ(v). Given a positive integer M and an integer b, the
congruences
∀n ∈Z : c( f ; Mn+b+α)≡ 0 (mod`)
are equivalent to
vT (M ,b;α) ∈ ker`
(
TM (V ,φ)
)
.
2 The interplay of congruences
In this section, we derive from Theorem 1.1 and Corollary 1.4 implications for gen-
eral weakly holomorphic modular forms, tailor-made to establish Theorems A and B
in Section 3. In this section p does not denote the partition function, but a prime.
We will employ Kubota’s description of GMp1(Q) in [10]. In order to distinguish it
from our previous description of GMp1(Q), we denote it by GMp
′
1(Q). As a set, we
have GMp′1(Q) = GL2(Q)×µ2, µ2 = {±1}, which yields a section (of sets) GL2(Q) ,→
GMp1(Q). In this situation, multiplication in Mp1(Q) is given by
(γ,ω) · (γ′,ω′) = (γγ′,ω+ω′+ψb(γ,γ′)),
where ψb arises from Kubota’s cocycle b defined in (21) on page 22 of [10]. Specif-
ically, ψb splits into a product of local contributions
∏
ψb,p , where p runs through
all prime numbers. Theorem 2 of [10] implies that ψb is trivial on Γ(4). In partic-
ular, we obtain a section of groups Γ(4) ,→ Mp′1(Z). Finally, we record two further
consequences of Kubota’s Theorem 2: First, any other section Γ(4) ,→Mp′1(Z) differs
from Kubota’s by a homomorphism Γ(4) → µ2. Second, N is even if there is a sec-
tion Γ(N ) ,→Mp′1(Z).
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Proposition 2.1. Let M and N be co-prime positive integers, let (V ,φ) be an abstract
space of modular forms, and assume that kerMp1(Z)(V ) is a congruence subgroup of
level N . Let W ⊆ TM V be a subrepresentation for Γ˜0(M)∩ Γ˜(N ). Given an eigenvec-
tor v ∈V for T ∈Mp1(Z) with eigenvalue e(α), α ∈Q, assume that vT (M ,b;α) ∈W for
some integer b ∈ Z. Then for every u ∈ Z co-prime to M and congruent to 1 (mod N ),
we have vT (M ,u2(b+α)−α;α) ∈W .
Corollary 2.2. Fix a number field K ⊆ C and an ideal ` ⊆ OK . Let f ∈ Mk (Γ˜(N )) be
a modular form with Fourier coefficients c( f ; n) ∈ OK ,` supported on n ∈ α+Z for
some α ∈ 1NZ. Assume that f satisfies the congruences
∀n ∈Z : c( f ; Mn+b+α)≡ 0 (mod`)
for some positive integer M that is co-prime to N and some b ∈Z. Then
∀n ∈Z : c( f ; Mn+b′+α)≡ 0 (mod`)
for all b′ ∈Zwith b′+α≡ u2(b+α) for some u ∈Z that is co-prime to M.
Proof. Consider the abstract space of modular forms IndMp1(Z) f and combine Corol-
lary 1.4 with Proposition 2.1.
Proof of Proposition 2.1. If N is even, assume that 8 |N by replacing N if necessary.
Fix u as in the statement and let u ∈ Z denote its inverse modulo M N . There is a
transformation γ ∈ Γ˜0(M)∩ Γ˜(N ) whose image γ in SL2(Z) is congruent to
(
u 0
0 u
)
mod-
ulo M N . For any such γ and h ∈Z, we have
γ−1
(
1 h
0 M
)
γ ≡
(
1 u2h
0 M
)
(mod M N ).
In particular, we have (
1 h
0 M
)
γ
(
1 u2h
0 M
)−1
∈ Γ˜(N ).
The corresponding contribution to the center of Mp1(Z) is captured by
ωh,u :=
(
1 h
0 M
)
γ
(
1 u2h
0 M
)−1
∈ Γ˜(N )/(Γ˜(N )∩kerMp1(Z)(V )).
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Without loss of generality, we can and will assume that the center of Mp1(Z) acts by
scalars on V . Write ω˜h,u ∈ {±1} for the action of ωh,u . We then have
vT (M ,b;α)γ= v ⊗
∑
h (mod M)
e
(− h(b+α)M )u(1 h
0 M
)γ
= v ⊗ ∑
h (mod M)
e
(− h(b+α)M )ω˜h,uu(1 u2h
0 M
)
= v ⊗ ∑
h (mod M)
e
(− hu2(b+α)M )ω˜hu2,uu(1 h
0 M
).
If we show that ωhu2,u and hence ω˜hu2,u is independent of h, the very right hand side
equals ±vT (M ,u2(b+α)−α;α) on the nose, and the proposition follows.
We will perform the computation of ωh,u in Mp
′
1(Z) as opposed to Mp1(Z). Notice
that (
1 h
0 M
)= (1 00 M )T h and T h = ((1 h0 1 ) ,0) ∈Mp′1(Z).
This fixes the contribution of both
(
1 h
0 M
) ∈ GMp1(Q) and (1 u2h0 M ) ∈ GMp1(Q) to µ2 ⊂
GMp′1(Q). In particular, they are independent of h.
We can now split the computation ofωh,u into local considerations over the p-adic
fieldQp , and compare
ψb,p
((
1 h
0 M
)
, γ
)
and ψb,p
(
γ,
(
1 u2h
0 M
))
(2.1)
for each prime p. If p -M N , then both are 1 by Theorem 2 of [10]. We can therefore
assume that p |M N . Denote the bottom left entry of γ by c. By adjusting the choice
of γ, we can and will assume that c 6= 0. Inserting Kubota’s formula (pp. 16, 17, 19,
and 21 of [10]), we find that the cocycle values in (2.1) are (1,c)p (−c,c)p (1,1)p = 1
and (c/M ,1)p (−M/c,c/M)p = 1, where ( ·, · )p is the Hilbert residue symbol. Both are
independent of h, as desired.
Proposition 2.3. Let M and N be co-prime positive integers, let (V ,φ) be an abstract
space of modular forms, and assume that kerMp1(Z)(V ) is a congruence subgroup of
level N . Let p |M be a prime and M = Mp M #p a factorization of M satisfying Mp |p4
and gcd(p, M #p ) = 1. Let W ⊆ TM V be a subrepresentation for Γ˜(M #p N ). Given an
eigenvector v ∈ V for T ∈ Mp1(Z) with eigenvalue e(α), α ∈ Q, that generates a char-
acter for Γ˜0(N ), assume that vT (M ,b;α) ∈W for some integer b ∈MpZ. Then we have
vT (M ,b+uM/p;α) ∈W for some u ∈Z co-prime to p.
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Corollary 2.4. Fix a number field K ⊆ C and an ideal ` ⊆ OK . Let f ∈ Mk (Γ˜0(N ),χ)
be a modular form for a character χ whose kernel has level N with Fourier coeffi-
cients c( f ; n) ∈ OK ,` supported on n ∈ α+Z for some α ∈ 1NZ. Assume that f satisfies
the congruences
∀n ∈Z : c( f ; Mn+b+α)≡ 0 (mod`)
for some positive integer M that is co-prime to N and some b ∈ MpZ, where M =
Mp M #p is a factorization of M satisfying Mp |p4 and gcd(p, M #p )= 1. Then
∀n ∈Z : c( f ; Mn+b+uM/p+α)≡ 0 (mod`)
for some u ∈Z co-prime to p.
Corollary 2.5. Let K , `, f , N , α, M, Mp , M #p be as in Corollary 2.4. Fix b ∈MpZ. Then
there is u ∈Z co-prime to p with the following property: If f satisfies the congruence
∀n ∈Z : c( f ; Mn+b+uM/p+α)≡ 0 (mod`),
then it also satisfies the congruences
∀n ∈Z : c( f ; Mn+b+α)≡ 0 (mod`).
Proof of Corollaries 2.4 and 2.5. Consider IndMp1(Z) f ,the abstract space of modular
forms associated with f via (1.2), and combine Corollary 1.4 with Proposition 2.3.
Proof of Proposition 2.3. If N is even, assume that 8 |N by replacing N if necessary.
We use a similar reasoning as in the proof of Proposition 2.1 employing a transfor-
mation γ ∈ Γ˜(M #p N ) whose image γ in SL2(Z) is congruent modulo Mp to
(
1 0
1 1
)
.
We split up h = hp +h#p , yielding the following expression for vT (M ,b;α):
vT (M ,b;α) = v ⊗
∑
hp (mod Mp )
h#p (mod M
#
p )
e
(− hpαMp − h#p (b+α)M #p )u(1 h0 M ),
where used the assumption that Mp divides b and we assume that every hp is di-
visible by M #p N and every h
#
p is divisible by Mp N . We let 1p ∈ M #p NZ be congruent
to 1 (mod Mp ). Further, we factorize 1+hp = pnh′p where gcd(p,h′p ) = 1 and let h
′
p
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be an inverse of h′p modulo M N /pn . It is helpful to record that 1p M ≡ 0 (mod M N )
and h′p ≡ 1/pn (mod M #p N ). We have
γh :=
(
1 h
0 M
)
γ
(
pn h
′
p h
0 M/pn
)−1
∈ Γ˜0(N ),
since(
1 h
0 M
)
γ ≡
(
1 h
0 M
)(
1 0
1p 1
)
≡
(
1+hp h
0 M
)
≡
(
h′p 0
0 h
′
p
)(
pn h
′
p h
0 h′p M
)
(mod M N ).
This yields the expression
vT (M ,b;α)γ =
∑
pn |Mp
h′p (mod Mp /pn )×
h#p (mod M
#
p )
e
(− hpαMp − h#p (b+α)M #p )vγh ⊗u(pn h′p h
0 M/pn
). (2.2)
By the assumptions γh acts on v by a scalar γ˜h .
Without loss of generality, we can and will assume that V is irreducible. We next
inspect the decomposition of (2.2) into eigenvectors of the M #p N -th power T
′ of T ∈
Mp1(Z). We have T
′ ∈ Γ˜(M #p N ). As a consequence, every such eigenvector is con-
tained in W , since the center of Mp1(Z) acts by scalars. If Mp |p2n , then(
pn h
′
p h
0 M/pn
)
T ′ =
(
pn pn M #p N +h
′
p h
0 M/pn
)
= T p2n /Mp
(
pn h
′
p h
0 M/pn
)
. (2.3)
In particular, T ′ acts trivially on contributions to (2.2) from n ≥ 2 or from n = 1 if
Mp |p2. We want to show that this also holds for n = 1 if Mp -p2.
We notice that the image γh of γh in SL2(Z) is congruent modulo N to a diagonal
matrix with nonzero entries 1/pn and pn . In particular, for fixed n = 1, γ˜h is con-
stant up to a possible contribution of Γ˜(N )/(Γ˜(N )∩kerMp1(Z)(V )). We will determine
that contribution as in the proof of Proposition 2.1. To this end, we observe that we
have h
′
p h ≡ p −h
′
p (mod Mp ). Therefore, we can record that the value of h
′
p (mod p)
remains constant, when T ′ acts as on the left hand side of (2.3). It remains to deter-
mine the cocycles
ψb,q
((
1 h
0 M
)
, γ
)
and ψb,q
(
γh ,
(
pn h
′
p h
0 M/pn
))
(2.4)
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for primes q |M N provided that h′p (mod p) is constant. Employing Kubota’s formula
as before, we find that the first cocycle value in (2.4) equals (1,1)q (−1,1)q (1,1)q = 1.
The second one simplifies to(
1/h′p ,1/p
)
q
(−h′p /p,1/h′p p)q(M ,1/h′p)q .
This equals 1 if q 6= p and it is constant provided that h′p is constant modulo p.
Summarizing, we have shown that T ′ acts trivially on the contributions to (2.2)
from n 6= 0. It does not act trivially on contributions to (2.2) from n = 0, since all corre-
sponding eigenvectors are linear combinations of vT (M ,b′;α) with Mp |b′. Since the
eigenvalue under the Mp -th power of T did not change, we conclude that vT (M ,b+
uM/p; α) ∈W for some u that is co-prime to p, as stated in the proposition.
3 Proof of the main theorems
The proofs of Theorems A and B rely on the generating function
η−1(τ) = ∑
n∈− 124+Z
p
(
n+ 124
)
e(nτ), (3.1)
which is a weakly holomorphic modular form for a specific character χ of Mp1(Z)
whose kernel has level 24.
Proof of Theorem A. Combining the assumption with (3.1), we find that
c
(
η−1; An+B − 124
) ≡ 0 (mod`m)
for all n ∈ Z. We apply Corollaries 1.4 and 2.2 to find that for all u ∈ Z that are co-
prime to A and congruent to 1 modulo 24, we have further congruences
c
(
η−1; An+u2(B − 124 )
) ≡ 0 (mod`m)
for all integers n. Translating back to the partition function and rewriting slightly, we
have
p
(24An+u2(24B −1)+1
24
)
≡ 0 (mod`m)
for all n ∈Z.
It remains to describe the set of integers
An+u2(24B −1), n ∈Z,u ∈Z,gcd(u, A)= 1, (3.2)
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where we have suppressed the factor 24 in front of A and then the condition u ≡
1 (mod24), which is legitimate, since p(n) = 0 for nonintegral n. To ease notation,
set B˜ = 24B −1. We have to show that (3.2) runs through all integers of the form A′n′
with n′(Z/A′Z)×2 = B˜(Z/A′Z)×2, where A′ is as in the theorem.
Let A′′ be the smallest divisor of A such that
{
A′′n+u2B˜ : n ∈Z,u ∈Z,gcd(u, A′′)= 1}
= {An+u2B˜ : n ∈Z,u ∈Z,gcd(u, A)= 1}.
Clearly, A′ |A′′. It suffices to show that A′′ |A′. If this is not true, then there is a
prime Q |A′′ such that Q2 gcd(A′′, B˜) |A′′. Then B˜+A′′/Q lies in the same square-class
modulo A as B˜ . We can therefore replace A′′ by A′′/Q, which contradicts minimality
of A′′.
Proof of Theorem B. We start the proof by employing Theorem 1 of [2]. Let δ` be an
inverse of −24 (mod`). Fix ²` as in our Theorem B and observe that there is at least
one β ∈ S` of [2] such that
(β+δ`
`
) = ²`. Then Theorem 1 of [2] states that a positive
proportion of primes Q ≡−1 (mod24`) has the property that
p
(Q3(24`n+1−24β)+1
24
)
≡ 0 (mod`m)
for integers n such that 24`n+1−24β is co-prime to Q. In order to accommodate this
condition, we replace n by Qn+n0, where n0 ∈Zwill be fixed later subject to the con-
dition that gcd(Q,24`n0+1−24β)= 1. Translating the resulting partition congruence
into a congruence for the Fourier coefficients of η−1, we have
c
(
η−1; Q4`n+Q3 24`n0+1−24β
24
)
≡ 0 (mod`m) (3.3)
for all n ∈Z.
Let n′0 be such that Q |24`n′0+1−24β. We apply Corollary 2.5 with M Q4`, N 
24, α −1/24, and b (Q3(24`n′0+ 1− 24β)+ 1)/24. We can now fix n0 = n′0+u,
where u is as in Corollary 2.5. The congruences in (3.3) then imply via Corollary 2.5
that
c
(
η−1; Q3`n+Q3 1−24β
24
)
≡ 0 (mod`m) (3.4)
for all n ∈Z.
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We next apply Corollary 2.4 to (3.4) and obtain a congruence
c
(
η−1; Q3`n+Q3 1−24β
24
+24Q2`u′
)
≡ 0 (mod`m)
for all n ∈Z and for some u′ that is co-prime to Q.
To finish the proof, we let ²Q =
(24`u′
Q
)
and apply Corollary 2.2 as in the proof of
Theorem A.
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